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1 Introduction 

For a Finsler metric F on a compact manifold we introduced in |Ra4| the concept 
of reversibility A := max{f ? (— X ); F(X) = 1} > 1. The reversibility attains its 
minimal value one if and only if the Finsler metric is reversible, i.e. F(X) = F(—X) 
for all tangent vectors X. In particular Riemannian metrics are reversible. In this 
paper we investigate the consequences of the following length estimate for closed 
geodesics on a compact manifold with non-reversible Finsler metric of positive flag 
curvature: 

Theorem 1 IRa41 Thm.l, Thm.4] Let M be a compact and simply-connected man¬ 
ifold with a Finsler metric F with reversibility A and flag curvature K satisfying 
\ 2 

0 < K < 1 resp. < K < 1 if the dimension n is odd. Then the length of a 

closed geodesic is bounded from below by 

It is a generalization of Klingenberg’s injectivity radius estimate for compact Rie¬ 
mannian manifolds, cf. jK121 ch.2.6]. As announced in )Ra4l Rem.3] we apply 
Theorem |T| to obtain existence results for closed geodesics on positively curved man¬ 
ifolds carrying a non-reversible Finsler metric. 

At first we consider the case of the 2-sphere. In the Riemannian case there are three 
geometrically distinct and simple closed geodesics on the 2-sphere with length in the 
interval [2tt, 2k/\ f§\ if the Gaussian curvature K satisfies 1/A<5<K<1.A closed 
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curve is called simple, if it does not have self-intersections. This is a particular case 
of an existence result for spheres in all dimensions, cf. IRTZ21 Thm.A]. 

The Katok metrics on the 2-sphere define a one-parameter family F e ,e E [0,1) of 
Finsler metrics of constant flag curvature 1 and reversibility A = (1 + e)/(l — e), for 
e = 0 this is the standard Riemannian metric. For irrational e there are exactly two 
geometrically distinct closed geodesics ci, C 2 with lengths L(ci) = 7 t(1+A _1 ); L(c 2 ) = 
vr(A + 1), these geodesics only differ by orientation, cf. |Ra41 ch.5], |Z3 P-142]. 
Using the Morse inequalities, the topology of the space of unparametrized closed 
curves on S 2 and a detailed analysis of the sequence ind(c m ) of Morse indices of 
the m-fold covers c m of a closed geodesic c we obtain the following existence result 
together with a length estimate: 


Theorem 2 Let F be a Finsler metric on the 2-sphere with reversibility A and flag 
curvature K satisfying 



<8 < K <1 


for some 5 E M + . Then there are at least two geometrically distinct closed geodesics 
ci,C 2 whose lengths L(c\) < L(c 2 ) satisfy: 


, , 2 7T , , 7T 

L( C1 ) < ; L(c 2 ) < 



In addition the shorter closed geodesic c\ is simple. 


Remark 1 (a) If we choose in particular 8 := ^ 2 A +2 ) = — 2 X+ 2 ) then 

L(c 2 ) < 2vr(A + 2) 

(b) If the metric has constant flag curvature, i.e. 8 = 1 then L(c 2 ) < 7r(A + 3). In 

the above mentioned Katok examples L(c 2 ) = tt(A + 1)/A; L(c 2 ) = 7 t(A + 1). 
A Finsler metric is called bumpy, if all closed geodesics are non-degenerate. 
Equation 0 implies that for a bumpy Finsler metric of constant flag curvature 
1 with only two geometrically distinct closed geodesics ci,c 2 the following 
relation holds: rfe + = £ • 

(c) The arguments in the Proof of Theorem [21 also show: If there is only one ge¬ 
ometric closed geodesic on the 2-sphere, then its average index is at most 1, 
cf. Theorem 0 It was remarked by Ziller, that a single non-degenerate closed 
geodesic can generate the homology of the free loop space up to a any fixed 
dimension, cf. [Zil p. 149]. He also notes that a single closed geodesic c with 
ind(c) = 1, ind(c 2fc ) = ind(c 2fc+1 ) = 2k + 1, k > 1 which would produce the ho¬ 
mology and for which the energy functional would be a perfect Morse function, 
is necessarily degenerate. The results of [Rail show that a non-reversible and 
bumpy Finsler metric on the 2-sphere carries at least two geometrically distinct 
closed geodesic. More precisely: A bumpy Finsler metric on the 2-sphere with 
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only finitely many geometrically distinct closed geodesics has at least two ge¬ 
ometrically distinct elliptic closed geodesics, cf. jRall Example 4.1]. Bangert 
and Long announced a proof that for every non-reversible Finsler metric on 
the 2-sphere there are two geometrically distinct closed geodesics, cf. (ED- 


We also present applications of Theorem|T|in higher dimensions. We use an existence 
result for closed geodesics which the author derived in IRa.31 using the concept of the 
Fadell-Rabinowitz index. We obtain a chain of subordinate cohomology classes in a 
quotient space of the space of closed curves. In the case of positive flag curvature we 
can estimate the number of geometrically distinct closed geodesics whose multiples 
are represented by the cohomology classes in this chain. As a general result we 
obtain Theorem 0 for metrics on compact and simply-connected manifolds of the 
rational homotopy type of a compact rank one symmetric space. Consequences for 
Finsler metrics on spheres are listed in the following 


Theorem 3 Let F be a Finsler metric on the n-sphere S n with reversibility A and 
flag curvature K satisfying 0 < 5 < K < 1 for some 5 E M + . 

(a) The number of geometrically distinct closed geodesics with length < 2mr is at 

least n/2 — 1, provided 5 > . 

(b) If X < > 4 and Vd > 2^^TTA then there are at least (n — 2) geometri¬ 

cally distinct closed geodesics. 

(c) If n > 6 is even and <5 > 4/ (n — 2) 2 then there are at least two geometrically 
distinct closed geodesics with length < nir. 

There are Katok-metrics on the 2/c-sphere S 2k resp. the (2k — l)-sphere ,S 2fc_1 with 
2k geometrically distinct closed geodesics (cf. |ZjJ p.139]) and it is an open question 
whether there are always at least n closed geodesics on the n-sphere iza p.i56]. 

Finally we improve this result in Theorem |3 in the particular case of a bumpy 
metric, i.e. a metric all of whose closed geodesics are non-degenerate. For the Tri¬ 
dimensional complex projective space C P m we obtain in Corollary [3 a lower bound 
for the number of geometrically distinct closed geodesics as well as for the number of 
non-hyperbolic closed geodesics provided there are only finitely many geometrically 
distinct ones. 

One can study stability properties of a closed geodesic c with the help of the lin¬ 
earized Poincare mapping P c , which is a linear symplectic map of an (2 n — 2)- 
dimensional vector space. It can be defined using the Jacobi fields along this 
geodesic, cf. (BTZll ch.l], |R,a2| . In the most unstable case no (complex) eigen¬ 
value of P c lies on the unit circle, then the closed geodesic is called hyperbolic. For 
example all closed geodesics on a Finsler manifold with negative flag curvature are 
hyperbolic. We obtain a result similar to IBTZ11 Thm.B]: 
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Theorem 4 Let F be a Finsler metric on a compact manifold with reversibility A 
and flag curvature 0 < 6 < K < 1. There exists a non-hyperbolic closed geodesic if 
the l-th homotopy group 717 (M) is non-trivial for some l > 2 and \f5 > • 

In particular on the n-sphere S n with a Finsler metric satisfying A 2 /(A+1 ) 2 < K < 1 
there exists a non-hyperbolic closed geodesic. A more detailed analysis also produces 
existence results for closed geodesics of elliptic-parabolic type. Here a closed geodesic 
is called of elliptic-parabolic type if the linearized Poincare map splits into two- 
dimensional rotations and a part whose eigenvalues are ±1. Following the ideas of 
Thorbergsson m and Ballmann, Thorbergsson and Ziller IBTZ1I we obtain as 
another consequence of the length estimate Theorem E 

Theorem 5 On a compact Finsler manifold M with reversibility A and flag curva¬ 
ture 0 < 5 < K < 1 there exists a closed geodesic of elliptic-parabolic type if one of 
the following conditions is satisfied: 

(a) M = S n and 5 > fppjp with A < 2. 

(b) M = RP n and 5 > p^gp . 

It is mentioned in jBTZ31 p.61] that most of the results presented in the Riemannian 
case generalize to Finsler metrics. For example it is stated that a Finsler metric 
with 9/16 < I\ < 1 carries a short closed geodesic of elliptic-parabolic type. But the 
arguments only work for reversible Finsler metrics respectively under the additional 
assumption that a shortest closed geodesic has length > 2 - 7 T. 

Another setting in which one can show the existence of a closed geodesic of elliptic- 
parabolic type is in the presence of an isometric S^-action. For example the above 
mentioned Katok metrics F e on the 2-sphere carry an isometric S^-action. For 
irrational parameter e there are exactly two geometrically distinct closed geodesics 
which both are elliptic and invariant under the S' 1 -action. As an analogous result 
to I BTZ11 Theorem A(iii)] we obtain: 

Theorem 6 On a compact manifold with Finsler metric with an isometric S 1 -action 
there exist at least two geometrically distinct closed geodesics. These closed geodesics 
are S 1 -invariant and they are of elliptic-parabolic type. 


2 Critical Point Theory for Closed Geodesics 


Here we list a couple of results of the critical point theory for closed geodesics, general 
references are the survey article jBal by Bangert, the book iKl ll by Klingenberg and 

ES!- 

If c : S 1 := [0,1]/{0,1} —► M is a closed geodesic on the Finsler manifold ( M,F ) of 
length L(c ) then for every positive integer m the m-fold cover c m : S 1 —> M; c m (t ) = 
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c(mt) is a closed geodesic, too. If L(c) = f^ F(c'(t))dt denotes the length, then we 
have L(c m ) = mL(c). We call a closed geodesic prime if it is not the cover c™ of 
another closed geodesic cq with m > 1. Closed geodesics are the critical points of 
the energy functional 

1 r 1 

E : AM -»• R ; E(c) = - F 2 ( c'(t )) dt 

2 Jo 

on the Hilbert manifold AM of closed curves which is the set of all absolutely con¬ 
tinuous closed curves with a square-integrable derivative. 

The Morse index ind(c) of a closed geodesic is the index of the hessian d?E{c ) of 
the energy functional. On the space AM there is a S^-action given by changing the 
initial point. The energy functional is invariant under this group action. We call two 
closed geodesics ci,C 2 of a non-reversible Finsler metric geometrically equivalent, if 
their traces ci(S' 1 ) = C 2 (S' 1 ) and their orientation coincide. Otherwise we call them 
geometrically distinct. In contrast to the reversible case resp. the case of a Riernan- 
nian metric for a closed geodesic c the curve c -1 with c -1 (t) = c(l — t) defined by 
reversing the orientation in general is not a geodesic. Hence a prime closed geodesic 
c produces infinitely many critical orbits <S ,1 .c m ; m > 1 of the energy functional con¬ 
sisting of all geometrically equivalent closed geodesics. If a closed geodesic c is the 
m-fold cover c = c“ of a prime closed geodesic Co then we call m = mul(c) the 
multiplicity of the closed geodesic c. Therefore a prime closed geodesic c produces a 
tower S 1 .c rn ',m > 1 of closed geodesics resp. critical orbits of the energy functional. 
We can view the hessian of the energy functional also as a self-adjoint endomor¬ 
phism. Then the index is the sum of the dimensions of negative eigenvalues and 
we call the nullity null(c) the dimension of the kernel ker d 2 E(c) minus 1. Note that 
the dimension of the kernel is always at least 1 provided L(c) > 0 since there is a 
1-dimensional group leaving the energy functional invariant. A closed geodesic c is 
called non-degenerate if null(c) = 0. Geometrically the nullity is the dimension of 
periodic Jacobi fields along c which are orthogonal to the velocity field c 1 . Therefore 
null(c) < 2n — 2. 

The sequence ind(c m ) grows almost linearly, we call the limit 

ind(c m ) 
a c : = lim - 

m—>co 777 , 

introduced by Bott |Bot Cor.l] the average index and a c = a c /L(c) the mean average 
index. We have the following estimate for the sequence ind(c m ) : 

|ind(c m ) — ma c \ < n — 1, (1) 

cf. |Rall (1.4)]. By a Rauch comparison argument as in the Riemannian case one 
obtains 

Lemma 1 f |Ra4l . Lem. 3]) Let c be a closed geodesic on a Finsler manifold ( M,F ) 
of dimension n with positive flag curvature K > 5 for some 6 £ M + . 

(a) The mean average index is bounded from below: a c > y/S (n — l)/vr. 
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(b) If the length L(c) satisfies L{c) > kn/Vd for some positive integer k then 
ind(c) > k(n — 1). 

Combining Lemma Q with the length estimate Theorem ^ for a closed geodesic we 
obtain: 

Lemma 2 Let c be a closed geodesic on a compact and simply-connected Rieman- 
nian manifold of dimension n with a non-reversible Finsler metric with reversibility 
A and flag curvature 0 < 6 < K < 1 where 5 > if n is odd. Then 

a c > Vd j-— (n — 1). 

A 

Proof. Since L(c) > vr (1 + 1/A) by Theorem ^ the claim follows from Lemma Q 

□ 

Now we come to the Morse Inequalities of the ^-invariant functional E : KM —> M. 
Let 

bj := bj (A M/S 1 ,A°M/S 1 -,Q) 

where for a > 0 we denote K a M := {a £ KM \ E(a) < a} the sublevel sets and bj is 
the j-th Betti number. In particular A°M is the set of point curves which can be 
identified with the manifold M. Since it is the fixed point set of the 5 1 -action one 
can also identify the quotient space A°M/S' 1 with the manifold M. Given a closed 
geodesic c we use the following notation 

A(c) := {a G AM | E(t x) < E(c)} . 

Then we call 

Cfic) = H* ((A(c) U S\c) /S\K{c)!S l -Q) 

the S 1 -critical group of the closed geodesic c and let bj (c) = dim Cj (c). 

We collect the information about the S' 1 -critical groups in the following two lemmas: 


Lemma 3 I jRalL Proof of Prop.2.2]) Let c be a non-degenerate closed geodesic with 
i = ind(c), m = mul(c). Then c = cfi for a prime closed geodesic c\ and 

1 ; j = i\m = 1 (mod 2) 

-r . _ 1 ; j = i;m = 0 (mod 2) 

j C and ind(cf) = ind(ci) (mod 2) 

0 ; otherwise 

In the general case we obtain the following cases: 

Lemma 4 |Ra2l Satz 6.13] Let c be a closed geodesic with i = ind(c);/ = null(c). 
Then we have the following statements: 
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(a) bj(c) = 0 for j < i or j > i + l. 

(b) bi(c ) + bi+i < 1 and ifbi(c ) +bi+i = 1 then bj(c) = 0 for all j with i + 1 < j < 
i + l — 1. 

As a consequence of the formula for the sequence ind(c m ), m > 1 given by Bott m 
we conclude: 

Lemma 5 Let c be a closed geodesic on a surface (i.e. n = dimM = 2) with 
ind(c) = 1 and average index a c > 1. Then for all rri > 1 the indices ind(c m ) are 
odd. 

Proof. Let P c be the linearized Poincare mapping, i.e. the linearization of the 
return map of the closed orbit of the geodesic flow corresponding to the closed 
geodesic. There is a function 

I c : S 1 := {z € C; \z\ = 1} -► Z^° 

with the following properties, cf. IBol Thm. A.Cj. lLol ch.9]. |Ra2l ch.4]: 

(a) ind(c m ) = E 2 -=i 

(b) Define N c : S 1 —* Z-° : N c (z ) = dim ker(P c — zld). Then 

null(c m ) = ^ N c {z). 

z m =l 

(c) The function I c is constant in a neighborhood of points z with N c (z ) = 0. For 
the splitting numbers 

Sc(z)\= lim I c (z exp(icj>)) - I c (z) 

(p— ^d=0 

of the function I c the following estimate holds: 

0 < Sf{z) < N c (z) 


(d) I c (z) = I c (z), N c (z) = N c (z) 


It follows that ind(c m ) = ind(c) (mod 2) for all odd m and ind(c m ) = J c ( 1) + 
7 C (— 1) = ind(c 2 ) (mod 2) for all even m. It was also shown by Bott that the splitting 
numbers only depend on the symplectic normal form of the linearized Poincare map 

r BTzTl (2.13)], |E3 ch.IV], ch.4]. 


P c , for a detailed discussion see 


Now we come to the case n = 2, then for the eigenvalues z of the linearized Poincare 
map there are the following cases: 


(a) z 0 S' 1 , i.e. z is a real number with \z\ / 1. Then also z” 1 is an eigenvalue, 
in this case the closed geodesic is called hyperbolic and ind(c m ) = mind(c). In 
particular the average index satisfies a c = 1 in contradiction to our assumption. 
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(b) If z = 1 then S + (l) = S~( 1) and a c = 7 C (—1) = ind(c 2 ) — ind(c) = ind(c) + 
<S + (1) = 1+S' + (1) > 1 by assumption, hence we conclude S^l) = 1. It follows 
that ind(c 2 ) = 3 and a c = 2. 

(c) If z = — 1 then a c = ind(c) = 1 in contradiction to our assumption. 

(d) If z = exp(V— 1717 ?) with p E (0,1) then we conclude from iBTZlI (2.13)] or 
!Ra21 Thm.4.3]: S ,+ (^) + S~(z) = 1. Since a c = ind(c) + (5 + (z) — S~(z))p > 1 
we conclude S + (z) = l,S~(z) = 0 ,a c G (1,2) Hence in this case ind(c 2 ) = 
7 C ( 1) + 7 C (—1) = 2 ind(c) + S + (z) = 3. 

Therefore ind(c 2 ) = 3 which implies that for all even m the indices ind(c m ) are odd, 
too. □ 

Now Lemma 0and Lemma 0 imply the following 

Corollary 1 Let c be a prime closed geodesic on a surface (i.e. n = 2) with Finsler 
metric with index ind(c) = 1 and average index a c > 1. Then for every m > 1 : 

£ un < 1 . 

j =1 (mod 2) 

The Morse inequalities relate the critical groups as local information about the 
critical points with the global topological information given by the Betti numbers 
of the space on which the Morse function is defined. 

Lemma 6 ( Hal 2.6]) The rational Betti numbers := bi [AS 2 /S 1 , A°S 2 /S 1 ] (Q>) , 
of the pair of quotient spaces (AS 2 /S 1 , A 0 S 2 /S 1 ) are given by: 


( 2 : 

; i = 2 m + 1, m > 1 

= { 1 : 

; i = 1 

l 0 : 

; i = 2m, m > 0 


3 Proof of Theorem El 

Let N be the odd integer satisfying 

(2) 

We assume that there is only one class of geometrically equivalent closed geodesics 
whose indices are bounded from above by N. Hence there is a prime closed geodesic 
c such that every closed geodesic c with ind(c) < N is up to the choice of the initial 
point of the form c m respectively c G S 1 .c m for some m > 1. 

We define for all i with 0 < i < N : := X^m>i bi(c m ), then the Morse Inequalities 

for the ^-invariant energy functional E : AS 2 —> R yield (cf. lRa2l ch.6.1]): 


Vi > Pi 


( 3 ) 








for all i with 0 < i < N. In particular we conclude from (3\ = 1 that for some 
m > 1 : ind(c m ) < 1. Since L{c ) > and K > S > we obtain from 

Lemma|T|that ind (c rn ) > 1 for all m > 1. Hence we have finally shown: ind(c) = 1. As 
an estimate for the average index we obtain from Lemma El : a c > VS (A + 1)/A > 1. 
Inequality ( |TJ) and Inequality (H imply: 

--lj +N -1> N. 

Therefore Corollary ^1 implies: 

Vi = ^ bi(c m ) < # (m | ind(c m ) < IV} < N . 

0<i<N 0<i<N;m>l 

i= 1 (mod 2) z=l (mod 2) 

This contradicts the Morse Inequalities (0 since by Lemma for N odd: 

^2 Vi - ^2 A = N ■ 

0 <i<N 0<z<AT 

i= 1 (mod 2) z=l (mod 2) 

Hence there are at least two geometrically distinct closed geodesics c ,\, C 2 with 
ind(ci) = 1; ind(c 2 ) < N. We conclude from Lemma ^ and Inequality (EJ): 

i(C2) -7s (n + 1) -7s (vsA-i + 3 ) 

Since ind(ci) = 1 Lemma [T^b) implies that L(c\) < 2irj\fS ■ For the given curvature 
bounds not only the length of a closed geodesic but also the length of a geodesic 
loop is bounded from above by 7r(l + A -1 ), cf. |Ra41 Thm. 1], hence c\ is simple 
since 2i t/VS < 2ir(l + A -1 ). □ 

The assumption about the flag curvature was only used in the proof to obtain a 
lower bound > 1 for the average index and to show that the shortest closed geodesic 
is simple. Hence the proof also shows the following 


ind(c w ) > Na c — 1 > NVS 


A + l 


- 1 = N ( VS 


A + 


Theorem 7 Let F be a non-reversible Finsler metric on S 2 with a closed geodesic 
with average index a\ = a Cl > 1. Then there is a second closed geodesic c 2 with 
index ind ( 02 ) < Qi 1 _ 1 + 2 . 


4 Existence results in higher dimensions 


We consider a compact and simply-connected manifold M whose rational cohomol¬ 
ogy algebra is generated by a single element x 6 Ft d (M-,Q) of degree d, with the 
relation x m+l = 0. Hence the cohomology algebra H* (M ; Q) is isomorphic to the 


9 







truncated polynomial algebra = T^ m+1 (x) = Q[x]/(x m+1 = 0) and the dimension 
of M equals dm. The main examples are the compact rank one symmetric spaces, 
i.e. spheres S d of dimension d (then rri = 1), m-dimensional complex projective 
spaces C P m with d = 2, m-dimensional quaternionic projective spaces H P m with 
d = 4 and the Cayley plane Ca P 2 with d = 8 ,m = 2. Then we obtain from Rat! . 
Thm.5.11]: 


Proposition 1 Let M be a simply-connected and compact manifold whose rational 
cohomology algebra is generated by a single element of order d, i.e. H*(M]Q) = 
Tfi m+i { x ) endowed with a Finsler metric. Then there is a sequence c k ;k > 1 of 
prime closed geodesics and a sequence mk',k > 1 of positive integers such that the 
sequence S 1 .c™ k ;k > 1 is a sequence of S 1 —orbits of closed geodesics which are 
pairwise distinct (although in general not geometrically distinct) and whose lengths 
and indices satisfy the following proerties for all k > 1 : properties: 

(a) m k L(c k ) = L (c™ fe ) < L (c™^ 1 ) = m k+1 L(c k+1 ) 

(b) 2k — (2m — 1 )d + 1 < ind (c™ fc ) < 2k + d — 1 


Theorem 8 Let M be a simply-connected and compact manifold whose rational co¬ 
homology algebra is generated by a single element x G H d (M;Q), i.e. H*(M] Q) = 
Td,m+i(x) ■ We assume that the manifold M carries a Finsler metric with reversibil¬ 
ity A whose flag curvature K is positive and satisfies 


0 < 6 < K < 1, 


where y/6 > A/(A + 1) if n is odd. Then the number of geometrically distinct closed 
geodesics of length < L is bounded from below by 


A(m, d, 5, A, L ) 


1 A + 1 

2 A 


V5 (jnd — 1 



Remark 2 (a) If we are not interested in the length of the closed geodesics we 

obtain as bound: 

A(m, d, 5, A, oo) = lim A(m, d, 5, A, L ) = -(md — 1) —-j-— 

L —>oo 2 A 

(b) The maximal value of the bound is attained if the flag curvature K is constant 
(5 = 1) and the metric is reversible (A = 1): 

A(m, d, 1,1, oo) = md — 1 = n — 1 

(c) Theorem |21 is a direct consequence for m = 1 , d = n . 
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Proof of Theorem [HJ We consider the sequence (S ' 1 -c£ k ) k>l of pairwise distinct 
critical orbits of closed geodesics satisfying the properties of Proposition |T| Hence 
Ck,k > 1 are prime closed geodesics and (m^) is a sequence of positive integers. Fix 
a number L > 0 and let or, := #{k > 11 L(ck)mk < L} . By the comparison result 
part (b) of Lemma 


ol > b L '■= 


# 


| k > 1 | ind (c 


,m k \ 
k ) 


< 


— Vd (n — 1)| . 


We conclude from Proposition |J1 (b) that for 2 k < L \/8 (n — 1)tt 1 — (d — 1) : 
ind(cD < L \/d (n — 1 ) 7 r 1 , hence 6^ is bounded from below by the integer part of 
L \f5 (n— l)7r _1 — (d— 1), hence > L VS (n— l)7r _1 — d. Since L{ck) > 7r(A+l)/A by 
Theorem^lwe obtain from Proposition^ (a) that rrik < Ltt~ 1 \/(\ + 1). Therefore 
the number of geometrically distinct closed geodesics in the set c \, C 2 ,..., c aL is 
bounded from below by 


L A 

7T A+l 


> 


§ y/6 (n - 1) - d 

n L \ 

W 7T A+l 





□ 

We call a Finsler metric bumpy, if all closed geodesics are non-degenerate. If the 
Finsler metric on a compact and simply-connected manifold is bumpy and has only 
finitely many geometric distinct prime closed geodesics c\,C 2 , ■ ■ ■ ,Cr with average 
indices aq, 0 : 2 , ■ ■ ■, a r then the rational cohomology ring H*(M; Q) is generated by a 
single element x of degree d with the only relation x m+1 = 0, i.e. n = dim M = md. 
The invariants d, m determine the number 


B{d , m) = < 


- 77 jr — 1 \ I. ; d even 
2d(m+l)—4 ’ 


d+1 
2d-2 


; d odd 


for which the following formula is derived in |Ra,11 Thm. 3]: 


r 

B(d, m) = 

Z -^ A .- 


(4) 


Here 7 j G {±1/2, ±1} is an invariant controling the parity of the sequence ind(cT) 
and the orientability of the negative normal bundle c and c 2 . Let cj,..., c s ; s < r be 
the non-hyperbolic closed geodesics. Then for even d the following estimate holds 
with the same argument as in fla 1 , Thm.3.1(b)]: 

^{l7fc|( m ^ 1 ~ l) +2 } ~ \m(m + l)d (5) 

As a consequence from this formula and Lemma El we obtain analogous to [Rail 
Cor.3.4]: 
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Theorem 9 Let F be a Finsler metric on a compact and simply-connected manifold 
M with = Td, m +i(x) with reversibility A and flag curvature K satisfying 

0 < d < K < 1, where > A/(A + 1) provided m = 1 and d is odd. 


(a) If the metric is bumpy then there are at least 

C(m,d,S, A) := \B(d,m)\V6^j^(md—l) geometrically distinct closed geodesics. 

(b) If the metric is bumpy and there exist only finitely many geometrically dis¬ 


tinct closed geodesics then there are at least m(m + 1 )d ^ + 6 

hyperbolic closed geodesics. 


-l 


non- 


For d G {2,4, 8 } and for a fixed value of the lower curvature bound <5 the function 
C(m,d,S, A) grows quadratically in m. Let us consider Finsler metrics on the Tri¬ 
dimensional complex procjective space C P m . The flag curvature of the normalized 
Fubini-Study metric on C P m satisfies 1/4 < K < 1. For 5 —> 1/4 and A —> 1 we 
obtain as maximal value C(m, 2 ,1/4, 1 ) = (to + l)(m — 1 / 2 ). It is very likely that 
this bound is not optimal since there are Finsler metrics of Katok type on C P m with 
m(m + 1) geometrically distinct closed geodesics, cf. jZ]] p.139]. 

Another application is the following result analogous to iBTZlI Cor.4]: 


Corollary 2 A bumpy Finsler metric on the m-dimensional complex projective 
space C P m (m > 7) with reversibility A and flag curvature 0 < 5 < K < l]\/5 = 
FTLTTTa w ' 1 ^ 1 on h finitely many geometrically distinct closed geodesiscs carries at 
least 2m geometrically distinct closed geodesics. At least (m — 3) of these closed 
geodesics are non-hyperbolic. 


5 Stability properties of closed geodesics 


A closed geodesic is called hyperbolic if all all eigenvalues of the linearized Poincare 
map have modulus 7 ^ 1. Then the sequence ind(c m ) is linear in m, i.e. ind(c m ) = 
mind(c). This was observed by Bott in (Pol and shows immediately part (a) of the 
following 

Lemma 7 Let c be a closed geodesic of a Finsler manifold with average index a c . 

(a) //ind(c) 7 ^ a c then c is non-hyperbolic. 

(b) If ind(c 2 ) — 2ind(c) = n — 1 then c is of elliptic-parabolic type, the linearized 
Poincare map splits into 2x2 blocks of the form 

( 1 0 A , , / cos 6 — sin d> \ 

and / or I ) 0 < 0 < 7r, 

\ 1 1 ) \ sm <p cos cp J 

with respect to a symplectic basis (Xj, Y±, X 2 , Y%,..., X n _i, Y n _{) satisfying 
l o(X i ,Y i ) = S ij ; u(Xi,Xj) = u)(Yi, Yj) =0 for the symplectic form oj . 
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Part (b) is shown in iBTZll Lemma 3.1], since ind(c 2 ) = J c (l) + / c (—1) and ind(c) = 
J c (l), cf. the Proof of Lemma E] 

Proof of Theorem 21 By considering the universal covering we can assume M 
to be simply-connected. Since 7q(M) 0 one concludes that 7p_i(AM) 0, hence 
there is a closed geodesic c with ind(c) < l — 1. From Theorem 21 we conclude 
L{c ) > 7r(l + A -1 ), hence Lemma 21 (b) implies that a c > l — 1. Therefore c is 
non-hyperbolic by Lemma 0 part (a). □ 


Remark 3 On a compact and not-simply-connected Riemannian manifold of non¬ 
negative Ricci curvature there is a non-hyperbolic closed geodesic. The proof of this 
statement (cf. (BTZ1I Thm.B (a)]) carries over to the Finsler case without changes, 
here one does not need Klingenberg’s injectivity radius estimate. 

Proof of Theorem EJ 

(a) Since 6 n _i(AS' n , A 0 S'”) = 1 there is a closed geodesic c with ind(c) < n — 1. 
The length estimate Theorem 21 implies for the second cover L(c 2 ) > 27r(l + A -1 ) > 
3ir/y/d. Hence by LemmaE]we obtain ind(c 2 ) > 3(n — 1) resp. ind(c 2 ) — 2ind(c) > 
n — 1. We conclude from Lemma 0]b) that c is of elliptic-parabolic type. 

(b) Let c be a shortest closed geodesic which is not homotopically trivial. Then 

c is a local minimum for the energy functional, hence ind(c) = 0. Since c defines 
also a closed geodesic on the universal covering we conclude from Theorem Q that 
L(c 2 ) > 7 r(l + A -1 ) > 7 r/\/<5. Hence by Lemma 2fb) we conclude ind(c 2 ) > (n — 1) 
which shows that c is of elliptic-parabolic type by Lemma 21b) . □ 

Now we come to a different setting in which one can show the existence of two 
geometrically distinct closed geodesics on a manifold with non-reversible Finsler 
metric. 

An isometry A : M —> M of finite order of a compact Finsler manifold (M, F) has 
small displacement, if for all points p G M the image point A(p) does not lie in the 
cut locus. Let 6 : M x M — > R be the distance function, i.e. 9(x,y ) is the minimal 
length of a smooth curve c : [0,1] —> M from x = c(0) to y = c(l). Note that 
this distance function in general is not symmetric since we consider non-reversible 
Finsler metrics. Then we define the function /a ■ AI —» R with / a{x ) = 6 2 {x,Ax) 
which is smooth outside the fixed point set Ma of A. Then we obtain as in fBTZTl 
p.239]: The point p is a critical point of Ja if and only if the unique minimal 
geodesic 7 : [0,1] M from p = 7 ( 0 ) to A(p) = 7 ( 1 ) is invariant under A, i.e. 
A* ( 7 / ( 0 )) = 7 / (l). R also follows that 7 (t) is a critical point of /a for all t £ [ 0 , 1 ]. 
A critical point p 0 Ma determines a closed geodesic, since A is of finite order. 
Analogous to B I ZI Thm.3.10] we obtain 


Proposition 2 Let A be an isometry of finite order and small displacement on a 
compact Finsler manifold. A local maximum of f a determines a closed geodesic of 
elliptic-parabolic type if 29(p, A(p)) < 9(p,Cut(p)). 
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Proof of Theorem [HI 

Let fa,t £ M define the isometric S^-action, i.e. fa : M —> M is a one-parameter 
group of isometries with fa equals the identity. Then for a sufficiently large integer m 
the isometries A = fa/ m and A~ l = have small displacement and are of finite 

order. Then we conclude from Proposition [21 that there are two points p± such that 
p± is a maximum of /a resp. /a -i • Then the closed geodesics c± with c± ((1) = p± 
and c±{l/m) = A ±1 (p±) are of elliptic-parabolic type and satisfy c(t) = fa{p±) ■ If 
c_,c_|_ are geometrically equivalent, we can assume without loss of generality that 
p = p- = p+■ Hence c±(t) = f±t{p) which shows that c' + (0) = —d_{ 0). i.e. the 
closed geodesics c c+ are geometrically distinct. □ 

One can obtain the existence of several invariant and closed geodesics under addi¬ 
tional assumptions: 


Proposition 3 On the odd-dimensional sphere S n with n = 2m + 1 endowed with a 
non-reversible Finsler metric with a free and isometric S 1 -action for which we can 
identify the quotient space S 2m+l /S 1 with the complex projective space C P m there 
are n + 1 = 2m + 2 geometrically distinct and S 1 -invariant closed geodesics. 


The number 2m + 2 = n + 1 is optimal in this case as certain Katok examples 
show, cf. [23 p. 139]. In the proof we use the function Fa : C P m —» R + resp. 
Fa-i : C P m —> R + induced by the 5 1 -invariant functions /a : S n —> M + resp. 
f A -1 : S n —> M + as in the Proof of the preceding Proposition [21 The critical points 
of Fa,Fa~i correspond to (non-trivial) invariant closed geodesics on S 2m+1 and 
m + 1 is the cup length of the complex projective space. The critical points of Fa 
and Fa-i are geometrically distinct, since they differ by orientation if they have the 
same trace. 
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